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A Matrix Method for Decision Making and Forecasting

Marvin Barsky

ABSTRACT

A new application of essentially non-negative matrices to business
decisions is presented, where the matrix is connected to the business
activity and each iteration represents the next time period. Thus, it can be
used for both long range and short range forecasting and planning depend-
ing upon the length of each time interval.

Once again the Perron Frobenius theorem plays an important role
here as it does throughout the theory of non-negative matrices.

1. Introduction

In this paper, a new method for decision making and forecasting is presented, the
origins of which can be traced back to Ce3aro summability and repeated convergence
classes (see [1] and [2]).

From the past history of a firm, its size and near future expectations, a unique posi-
tive matrix can be constructed that represents the method of operation of that firm, i.e.
how various units operate in conjunction with one another, how earnings are distributed
among its units, its short term and long term trends, etc. The method has certain attrac-
tive features:

1. Since it represents the activity of the firm, it is less subject to randomness than if
past history were used solely for predictive purposes.

2. The method is an extension of exponential smoothing which is an accepted tech-
nique for business forecasting.




-

3. The inputs that give rise to the matrix can be readily obtained from the size of the
firm and its past history by using well known methods.

4.  Since the theory of positive matrices is a rich theory that continues to grow, many -
of its non-trivial results can be reinterpreted back into the decision-making process.

5. The actual number of data required to contruct the unique # X n matrix is 5n. Thus,
it does not grow exponentially as dimensions are increased.

6. It can be used for short term or long term planning and for small businesses as well
as large corporations.

7.  The matrix gives rise to a forecasting mechanism, for by matrix multiplication on
the present incomes of its units, it represents the continued activity of the firm, each
iteration corresponding to the next time period.

There are five vectors that hold the required information about the firm needed to

give rise to a unique positive matrix.
() The goal G =(gy,g3,...,8,).

We assume that the firm consists of # units each bringing in "income." (We need
not bother here with whether income is revenue or profit. For the purpose of constructing
the matrix, we shall simply call these numbers "income".)

The goal values give us the size of the business. These values represent the max-
imum possible income that any unit can expect, given that there is no significant expan-
sion occurring which would change the nature of the business and lead to a different
matrix. Rather, there are so many hours in a day, so many employees that are working,
etc., and hence, given a certain sized business, there certainly is un upper limit of what
can be expected.

For a healthy business, we assume that the present income values are not near the
goal, meaning that there is room for improvement each time period without major expan-
sions. As the goal is approached, income levels off with goal values being the limiting
values. It is at such a time when expanding one’s business should be considered. Thus,
We assume present incomes are not near the goal and we can expect higher incomes each
time period.

(i) The present income Pg.

This is the amount actually made in each unit the last time period. We assume that

nothing unusual happened then that would make these amounts not representative of the
business incomes for that period.




To obtain the final three vectors

(iii) APg

(iv) Pp

(V) Py
we need three projections of next time period’s income, the most likely AP, along with
the best P and worst Py scenarios. We expect that APs will be greater than Pg, since,
for a business to be in good shape, we must assume that it is growing. Since P, is the
best case scenario, it is obviously larger than APg, and Py is less than APg. However,
since this time period’s actual income is Ps, the worst case scenario certainly would be

less than what actually was made this time period, and therefore it is also less than Ps.
Thus F

Py < Pg < APg <Pp <G.

The size of the interval between Py and Pp is really an indication of how volatile
the incomes are. If there can be large fluctuations of income from time period to time
period, the interval will be large. If Py and Py are somewhat close together, it means
that one would not expect that to happen.

What is also implicit in the interval Py, Pp is that, no matter what income is actu-
ally made next time period, so long as it is between Py and Py, business can proceed as
usual. In other words, the interval must not contain any points where the business will
fail or where major revisions are necessary.

Certainly one can use linear regression and confidence intervals to come up with
APg, Pp, and Py along with a host of other well known techniques for short term projec-

tion.

2. Properties of the Matrix
Let G =(g1,82,...,8,) be an n-tuple of real numbers and X the set of all points

X =(x1,x2,...,%,) such thatx; <g;, i=1,2,... n,xi€R.

Definition The points will be said to be in standardized form, it we assign new coordi-
nate to each pointin X and to G as follows:
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X =(x1,x2,...,x,) will be assigned coordinates

@1-x1,82=%2,...,8, ~%,), and G =(0,0,...,0).

Thus, in standardized form, the goal G will be the origin and X will be the set of all n-
tuples of real numbers with positive entries.

We return to pre-standardized form for the moment. In the one-dimensional case,
P, =(x),G =(g),and if we are in a growth period, the matrix A = (A), where 0 <A < 1.

Then P; =(g —x) in standardized form, and AP; = (Mg —x)). Returning to the pre-
standardized form, i.e. G —AP;, AP, =((1-A)g +Ax) and we see that A is the smoothing
factor for exponential smoothing using the present state P, and the goal G.

N iterations of A yields

ANP, =((1-M)g +A\Vx), so that the smoothing factor changes to successive powers
of A. Obviously, as N — o, ANP, — (g).

The matrix will be constructed from and applied to points in standardized form.
From now on all points X = (x1,x2,...,x,) will refer to its standardized coordinates.

Definition. We say X <y fxi<y,i=12,...,n,X<Y ifX <Y and X #Y,andX <<Y

if x; <yi,i=12,...,n.

It turns out that any matrix constructed from G » Ps, AP;,Py and Pp representing a
business in a growth period has positive entries. For that reason, we shall consider

matrices with positive or non-negative entries.

Theorem 1. If A has non-negative entries, then A is order-preserving, i.e. if X,Y e X
andX <Y, then AX <AY.

Proof. If X <Y, then Y -X >0. Hence A(Y -X)20 since the entries of A are non-

negative. Thus AY > AX .

Theorem 2. Let A be an n xn matrix with non-negative entries and suppose AX <<X
Jfor some X, AX € X. Then
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() the diagonal elements aii of A are suchthat0s a; <1, i =1,2,...,n.

(ii) the co-factors U;; of 1 -A, I the identity matrix, are all non-negative and 0 < Ui <1.

(iii) 0<x(1) <1 where X(x) is the characteristic polynomial ofA,ie y(x)=|xI-A|.

Proof. The conditions of the theorem imply that / -A is a non-singular M matrix (see
Burman, Plemmons [4], p.136, I5). Thus 1-ga; >0, Ui >0 and (1) >0 since all the
principal minors of J —A are positive,

Furthermore (/ -A)~! >0 implying that U;; 20. U; <1 and X(1) < 1 are trivial conse-

quences. This proves the theorem. B

In what follows, we shall have occasion to use the expression 1-y(1) which will be
denoted by p. Thus (iii) is equivalent to

(i) 0<p <1

Definition. The set of all vectors X X such that AX <<X will be called the improve-

ment region of A and denoted by 1. Let
S

|

From Theorem 2, the V; have all non-negative entries. The next theorem shows that
{(V1.Va,...,V,) forms the boundary vectors of a conical region whose interior is the

improvement region 1.

Theorem 3. X e I, if and only ifX=i“c,-V,- where c; >0, i =1,2,....n.
1=

Proof. Since the column vectors of Adj(I —A) are the V;’s we have
(I -A)AdiT —A) =5 (1)
and it follows that AV; = Vi —=x()I; where I; is the i ’th column of the identity matrix.

Since the V; are independent they form a basis for R®. Thus, for any X € R* we can

write
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and
AX = ,§ CiAV; = ; ci (Vi =x(DI;)

€1
=X -x(1)

Cq

Hence X € I ifand only if ¢; >0, i = L2,...,n. This proves the theorem. &

Theorem 4. Ler A be an n xn matrix with non-negative eniries such thar Ip #¢. For
anyX ey,

ArX < pX.

Proof. We will show that A"V;<pV fori=1,2,...,n where the Vi’s are the vectors

bounding I4. Since any X e I, is suc! that

7T

X=ZC,"&;7,', €102 ...,0, >0
=

‘the theorem will follow.,
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From the proof of Theorem 3 we saw that

AV; =V —=x(D;.

Claim 1. Ui—-x(1) < [1-x(DIU; =pUj;

Proof. [1-x(DIU; —[U; —x(1)] =%(1)[1-U;]> 0 since y(D)>0and U; < 1,

But Uj; —x(1) is the i ’th entry of AV;. Thus that entry has already been diminished by the
factor p after only one application of A. Now

AV =V =D +AL +. . . +A ;1 =1 =xXV; =qx(DU; € AL +....+ A1 = V]

Claim 2. Li+AL +.. .+ A -V; 20, Now
r 1

aii
az;

Cpni
4 3

J.
ﬁ a-- a-i
oy LY S had J1
A% =

n
25, nj\Gji
hi=1

r 3

Z Z s Za"jk—lajk-ljk—z e ajzilajxi
Ja-1Ju-2 J1

Akl =
22 e Dl B, By e BjiBi
Ji1 Jx-2 1

L J
Notice that each entry of I; +AI; +.. .+A""1; is made up of sums of products of entries of
A. We shall refer to a product of k entries of A as a k factor term. Thus, A; consists of a

sum of 1 factor, A%;, a sum of 2 factors, . . ., A=, a sum of (n —1) factors. Also
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Consider a given entry Ui where i #j. Since Ujj is the ij’th co-factor of J -4, if
Wwe expand it, the resulting expression will consist of sums and differences of & factors
fork=1,2,... n-1. Subtracting from (7;)+4 U +...+A"UI), one can note that every
k factor term for k < n—1 that ends Up as a negative term can be canceled with the identi-
cal positive term of TD)+AUT)D+.. . +A *~1(I;). As for the (n 1) factor terms, either they
can also be canceled in the same way, or they are of the form

—ﬂa,-jau,
J=

forsome k =1,2,...,x in which there is a positive term :Ija,-j also from Uj;. Combining
these two terms, we get
Jija;j(l-au) 20
since ay, < 1. Thus,
Li+AL +.. +Ar-1[ 2y, 5 0.
This proves the claim, Since
A"V =pVi—x(DU; +AL; +.. .+ A1, ~y,],
it follows that
A"V < pV;

This proves the theorem. g

Corollary 4.1. Given the conditions of Theorem 4,

Alnx < phy

Proof. Since 4 is order-preserving

AnY =A"(A"X)< A*(pX)=pAnX <p2X,




Thus, A X < pkx .

From Theorem 4, we see that p represents a guaranteed amount of improvement for
any vector in I, after n applications of A. For that reason p will be referred to as the rate
of improvement of A. Note that any particular vector X e I, may improve at a faster rate
than p, but none can improve more slowly. p sets the minimal amount of improvement
for any factor of any vector in 14 after n applications of A.

Definition. A square non-negative matrix A is said to be primitive if there exists a posi-
tive integer k such that A* >> 0.

Theorem 5. If A is a primitive matrix such that I #¢, then

(i) A< 1where\is the Perron Frober?ius eigenvalue

(N)
(i) foramyXeX, Nh_‘}’..?xéV:D' =\, where xN is the i’ th row of the column vector
t

AVNYX.
i) X e L, then
in 5 ically i A
llsn‘llsln Zw:n- monotonica y increases to

and

%) eatlyd 104
lfsnlaénmmonotonlca y ecreases to

as N — oo,

Proof. Since /1-A is a non-singular M matrix (i) is an immediate consequence of the
Perron Frobenius theorem (see [14], pp. 3-4). It also follows from that theorem that there
is an eigenvector of A with all positive entries. We shall denote such an eigenvector by
[,. Assume at first that all the cigenvalues of A are distinct. Then a set of corresponding

eigenvectors I'; form a basis of R". Thus any X € R* can be written as X = zn‘i c;I;. Since
i=
A=A, is a real number larger than the modulus of any other eigenvalue,

; 1 _Jdealy if ¢, 20
NI r-ANX —{ 0" if ¢,'=0
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Claim 1. IfX e X then ¢y 20

Proof. We can find an ¢ > 0 so that ell, <X for any X e X. But UMV AN(eT,) < 1/AV ANY .

The left-hand side tends to eI, as N —» oo, Hence nﬁ_gxullxN ANX €T, >0. Therefore
91

¢a #0. Infactc, >0. LetT; = .| Then

If not all the eigenvalues are distinct then we can vary the matrix so that they are,
and by continuity we obtain the same result.

Lemma 5.1. Suppose X € 1. If
(" 3 r 3

X1 P1x

X2 Pa2x2

Xn Pn Xy
. J . J
q1P1x1

q2D02X%2
A2X =] . .

and

4n Pn Xn

. P
then the q’s lie between the p’s.

Proof,
r 9 r 3
P1xy X1
. P2x3 . X2
Suppose p =, max {p;}. then| - <p|-
Pn X Xn
! J U )

Since A is order-preserving
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f & r N 35 r

Di1xy Pixy (‘Ilplxl P'Plxl

Daxy P2xy q2p2xy P‘szz
Al - sp*A| - . Thus| - <l -

Pn Xn Pn Xn J Gn Dn Xn P"Pn Xy J

Thus ¢; <p* for1<i <n.
Similarly, if p« = mjn {p:} then

1s:isn
9 r 9
P1x) Pi1xy
P2x> P2x2
Al - 2ps| - and g; 2ps«, i=1,2,...,n.
Pn Xn Pn Xn
J “~

“ J
Thus, (iii) follows from this lemma and the first part of the proof. This proves the

theorem. |

3. Improvement Regions Induced by Two Points

We now consider that we are given two points Py and Pp representing the worst
and best scenarios that can be expected at the end of the next time period and we con-
sider the set of points P such that Pp <P < Py. This set gives rise to a unique cone, the
smallest cone that contains that set,

This can easily be illustrated in two dimensions (see Figure 1). The set of points
between Pp (b, b,) and Pw(w1,wy) is the shaded region. All cones representing improve-
ment regions are bounded by two rays starting at the origin. Obviously there is a smallest
cone containing the set whose bounding rays pass through (b,,w2) and (w, b,) respec-
tively.

This improvement region will be called the improvement region induced by Py and
Py,

Since the set of points between Pw and Pp represents the area where business can
proceed as usual, which inevitably implies an expectation of growth for the future, and
since the induced improvement region consists of only non-negative multiples of vectors
in that set, we can associate the business activity with only those matrices that have that

induced improvement region.




Figure 1.

Turning now to the n-dimensional case we shall construct a formula that yields all

such matrices.

At first, suppose we are given points

[ ]
1

Py
1
. J

We first construct a matrix A* that has an impro

and Pp =

[

oy
05]
. O<o; <1.

O

P
vement region induced by Py and Pj.

Let
r 93
ky ky ... Kk
k2 k2 ... ky
A* =] . 0<k,~<% i=12,...,n
kn kn ... k,
L J
Then
FY R
1 1
1 1
A" 75 < .
1 1
\ P \ o

and A* has an improvement regions I # ¢. We shall show that for special values of the

ki, I4. is induced by Py and Pp.

Vertices of the region between Py and Pp are of the form
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1

Furthermore, since every point in I;. is of the form

Ui
2 aVi, 20, V=
= &
Uin
where Ujj are the cofactors of 7 ~A*; and, since each P; lies on the hyperplane with basis

V'f,VE,...,Vf_l,V};l,...,V:, we have
P; =‘g0jiV£‘ where ¢;j; =0, (6)
We calculate V; from the matrix 7 =A*. Thus ‘
(I-kl %1 ... =k
—ky 1=ky ... —ky

_k" _kn cee l—ku

& J
From this matrix it is readily verified thatr N
kq
k2

Vi=| ki,

1 -JE;;:‘ kj

ki+l

kn

Therefore (6) leads to the system’ of n—T linear equations in unknowns

Ci» i=12,...,n, i#j.

Solving this system, we obtain by Cramer’s rule

ci = A—kj =g =Dk %)

ll-lgk,J(l-kj)-
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Note that because of the restriction on the k’s,
greater than 0. Using the j’th equation ;_Cji
i#j

we obtain

the determinant of the coefficients is

kj =a; and substituting for the cji’s in (7)

=0;.
L#£j ll-ﬁkiJ(l‘kJ) l_kl J

Thus, solving for k; we get

esces a- ._
kj—n_ 5 J=12,...,n ®)

NOTE: The i’th coordinate o; of P; remains invariant under A* i.e., A*P; has i ’th coor-
dinate ;.

To see this, it is only necessary to observe that the i ’th coordinate of A *P;is

@ =Dhi+kio; =ki(n ~1+0)= —F—(n-1+a) = 0;.

Moving on to the general case, suppose

( w) ougwg
w2 w3
Py=| - andPB= 2 0<0,'<1, i=1.2,...,n.
Wy Oty Wy,
[ i )
We can reduce this to the previous case by using the matrix  _
Wi Wi Wy
wik By W 1
Wa wWo Wa
7v—1k1 w—zkz W, k2
A*=] .
Wn Wy W,
wi 1 wa Wy

Going through an analogous argument, we arrive at the same expression (8) for the £;’s.
Now




W -Wi Wi
Tk Sk S
1-A*=| |
~Wn Wp
i K1 T
)

If we multiply each element in the i’th row of U* by a positive number l;, we get a scalar

multiple of V; in the same direction, Thus, this set of vectors generates the same
improvement region.

Let ( X
w1 Wi
L(-ky) llw—zkl _Il-w—,,-k‘
—lz-::—i'kz I(1-ky) ... -zz%f.kz
U=
—l,.l‘:ilk; L (1=k,)

If we now define A so tha.FU =I-A thenA =1-(-A)and therefo{‘e

1=1y(1-ky) %tlk, T‘v"T‘z,k,
%—?-lzkz 1-l(1-ky) ... %z—lzkz
n
A= ©
w, w,
Lk, Torhks . 1=k

)
The I’s are not any positive numbers, but since the main diagonal elements of A must be
numbers between 0 and 1, we must have

0< 1-L(1-k) <1
or
zisi—_l}? i=12,....n (10)

Now consider the matrix




_ -Wi -Wi
(1=ky) *Wkl ‘ujn—kl
W2 -Wa
W_Ikz (1-k2) W k2
B =
-w, —W, _
w: ", ke (A-k,)
It can be readily shown that )
detB =1- ;} ki
But |
[
Wi -Wi
L(l-ky) -Wz_llkl s o _ﬁ:llkl
I-A=
Tllnkn ln(l kn)
. p,

and therefore

x(1) =det(/ —A)=‘]§I.-(detB)=‘Ijl.-[l-lg k]

Thus

p=1-T 1..[1—21:,-]. (11

Since [; < T—%k'-" we have
(]

Hence

or

<p <1l (12)




PW= Wi, W, . -
Wiwa..w), Pe=@1,05,....1,), Ps=(xnxa...,x,), APs =O01,y2...,5,)
» 2eees¥Vn),

weﬁnda,-=%:., i=1,2

»+-+»n. We then use (8) to calculate the £’s. ; ﬁ‘a-
yh.e k= : .
Since e
(xl fyl
X2 Y2
Al - =] .

)

We Can solve for the /g, Letting 5 = i X we find that
slw

I = Yi —X; .

Wik;s —x; (13)
Hence, substituting these values in (9), we obtain our marrix 4. Once we have the
matrix, it can be used to forecast future income by applying it successively to the present
state Pg, each application being a forecast of the next time period.

If there are several alternative business ventures to choose from, we can set up a
matrix for each one and by forecasting future results, we can compare how each one
progresses. Note that our forecasts do not simply yield a total value for each time period,
but rather we can trace how each factor does over any desired number of time periods.

If the alternatives all have the same goal values then we can compare the charac-
teristics of the matrices themselves. The matrix with the smallest A will eventually give
the best results since, by Theorem 5, after enough iterations, the next iteration will be
approximately the same as multiplying the resulting vector by A. Hence, the matrix with
the smallest A will approach the goal more rapidly in each factor. On the other hand,
even though that must happen eventually, it might require an unreasonable number of
applications of the matrix and therefore may not be the matrix of choice for a particular

real situation.

It may be that the main concern of a business is the requirement that every factor
increase its earnings by a certain percentage within a certain time frame. In that case we
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would want the matrix with the smallest p. Furthermore, once we have our best and
worst scenario, (12) gives us our smallest possible value of p regardless of what our fore-
cast for APs is. If this value is not suitable, then it indicates that the business activity
itself should be restructured.

4. Matrices with Same Improvement Region and Rate of Improvement
In this section we consider all matrices that have the same improvement region I,
and rate of improvement p. This set forms an equivalence class denoted by £(1,, p).

Fixing I, leads to fixing Py and the k’s in (9). In addition, fixing p fixes ["11,-. This

comes from (11), i.e.,p =1-]T4 [1— f;k,-].

Thus, if we are given Py and Pp which fixes I, and we fix P, then only the /’s in
the matrix (9) can vary subject to the restriction fll.- is fixed. But from (9) we see that
=

for any factor x; of Pg, the smaller we make /; in our matrix, the less influence there is
from the other factors on future values of the i ’th coordinate. The larger we make /;, the

more the other factors influence the future values of this coordinate. Since lj l; is fixed,

each change in the values of the I’s represent a redistribution of time and money put into
each factor.

Thus we make the following assumption:

The total cost and the total time for running the business as given by

G,Py,Pp,Ps, and AP remains fixed for all matrices in €(I,, p) during the first
application of A. Each matrix in the class represents a different distribution of
those times and funds over all of the factors, subject to the restrictions on the

I’s,i.e.

. 1 = 1=
°<"<1_-k.-" ‘=z_—l’_._, see (11).
l—‘f_‘ik.

What is significant about the interpretation is that matrices in €4, p) have different
A’s for the most part. By finding the matrix with the smallest A, the "best matrix," we
will be finding that distribution of our funds and our time that will lead eventually to our
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best returns. It will allow us to streamline our business to obtain optimal results without
increasing our costs. On the other hand, matrices in € with the largest A occur when

some of the /; = T-—lk-" the endpoint of their allowed interval. If the i"th source of

income is capable of greatly increasing as projected by its goal values compared to the

other sources, then letting /; = ’1—-17:" puts the maximum permissible amount of time and
(]

money toward developing that source without causing the others to lose income, which
could lead in some cases to a sizable increase of total income right from the start. But it
will be done at the expense of keeping the other sources barely increasing at all. Eventu-
ally any other activity represented by a matrix in € will surpass it, but in some cases, by
the time it does, either too many iterations are necessary or all values are almost at the
goal, where minute differences are of no importance. Before then, however, this "worst"
matrix is out-performing all others for many time periods which would certainly make it
the most desirable matrix to choose, Thus, once we have the matrix A representing our
business activity, if we wish to consider whether or not to change that activity without
changing our total time and cost, it is well to consider the "best" and "worst" matrices,
Through them, we will be able to decide what kind of change, if any, will be most
appropriate for our business.

In order to help simplify the following results, we shall introduce some new vari-

ables.

Let \i =L(1-k), i=1,2,...,n and n=[

=

n
n,-] . Note that | is the geometric

mean of Ny, My, ..., N,. We shall also let

(=i —kiy—. .=k ;,n.,. n;,
/]

so=1, s5j ==hT < ., J=123,...,n (12)
ncl—k;,)
Finally, let
ni =¢gmn. (13)
It is well known that
X(x)= é(-l)ks,‘x«-k (14)

where S; = sum of the principal minors of A of order £ (see [10]), p. 198, for example).
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Letting A be given by (9), we see that
8 =g(-l)‘+"(n ~i)s; +(=1)itng;. . (15)
Replacing (15) into (14) and rearranging terms, we obtain

X(x)=3si(x =1y, (16)

Theorem 6. If all the k’s have the same value, then the matrix with the smallest )\, will be
that unique matrix all of whose main diagonal entries are equal. In this case

Proof. From (16) we write X (x)= Z"'bsi(x_ 1y~ where, under the assumption of equal
k’s, we can write
N o 1.
M= A=ky [fx <i:§...<j.eh'e”' b »SJ‘JH -

We keep x fixed between 0 and 1, and k fixed, and consider X as a function of
€1,€,...,€,-1, Since

&

=

We seek to find the critical points of X. Taking first order partials, we obtain after

simplification
% =(x— I)L;gleje.z— I]T!Pi(x), *

where

n—1
Pi(x)=(x —1—2+ —_)T(} b [/Z; e;} G -1)"3n+ —),(} =34 2 il (= 1"~
#1 i

JuJa#i
Nh#]2

1-(n=Dk% . a2
+...+—(l—_%)n_)r-;iia,n :

J#i




-21-

Setting ggf—_=0. i=1,2,...,n-1, we have either E1=&=...=¢,1=1 or, in order that
(}

all P;(x) =0, we must have E1=8=...=¢, 1=¢€.

Lemma 6.1. Let X.(x) be the characteristic polynomial where E1=8=...=¢,_ 1 =¢.

Then, if xe= I-Tf—k-ﬂ,

X(x)=(x -xa"'z{(x ~1)2+ [1 -@-Dkg, eTl-rJ"(x ~ 1)+?1:TT%—:%,;7“2}'
In particular, this implies that Xe IS a root of multiplicity n -2.

This can be proved by induction.

Corollary 6.1.
=14 1(1==-Dk_ . 1 [ 1.[1-(n—-1% 1 . 4(-nk
Ae=1 7[ 1=k "%n-TJ" 7'\/“'(§77)—— €+l'e,.--1J e“-'t"(l-k)211

This comes from using the quadratic formula on the expression in braces and selecting

the largest root.

Corollary 6.2. x. is a root of multiplicity n -3 of %

Lemma 6.2. 7,=1- 12'1_'1;)1 ken isarootof%xs—e.

This can be shown by direct substitution. Since P;(x) is of order n -2, the only critical
values of X are x, and Xe. Furthermore, x¢ < %, < Ae as can readily be shown.

Lemma 6.3.

= Un
I-P n 7 — ]‘-nk 1
[m] (-5 'szs[l-p] T

The proof comes about in a straightforward fashion from I; < T}k" i=12,...,n and

P =1—]jl,-[l—nk].
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Now Xe,e,...,e06..~Xevey ... c., fOr sOmE i #n-1

_ (x- 1)(:1:1@83—1 = 1)(€n-1=85-1)

ﬁei ed1
1 =,

Lemma 64. Let%z=1- 1‘(-1::—1 ken. Then

Py ()= ,ga, ; 113(8]" —E)-i-a,,.z[ﬁej -E"'ZJ 3

where Z: is over all combinations of €; taken | at a time and where the a; =a;(k,€) > 0.

Pn—l(x)-

This can be proved by induction on 7.

Lemma 6.5. X (g&y,¢,, . ..,€,-1) has a maximum at g1=8=...=¢,.1=1 for all x such that
x21 —lﬂ”—"lzﬁ‘-n. Furthermore it is the only maximum in that range of x .
(1-k)

Proof. First note that

jﬂ (eje2-1n
oX #1
- = (x —- 1)L P;i(x),
% 'iiaje?

J

where P;(x) is defined by (*). Forg; =1,i=1,2,... =1, we see that % =0 regardless
of Pi(x). If all the ¢;’s are not 1, then -3-5- =0 only when all P;(x)=0 and that occurs
only when el=é2=...=e,,_1=e and x =1- la'_‘gl ken. If y=g3=...=¢,;=¢, then
we denote X(gy, e, ... »&r-1) by X. If E1=82=...=82=¢E, §-1=0, we denote
X(€1.€2,...,6,1) by X¢ 6.

But, from Lemma 6.4, if ¢ < 1, then
Xe(T) > X o) if o<t
XX <X o@) if o>6

This means that (e,e, . . . , ¢, %) is a saddle point fore < 1.
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Likewise, fore > 1,
Xe(Xe) <XeoXe) if o<e
Xe(Xe) > X g o(%e)  if o>e.

Thus (g€, . . . ,€,X¢) is a saddle point for all g = 1, However, fore=1, (1L1,...,,%)is a
maximum. Furthermore X 1F) <0.

Since the €;’s are bounded in a closed interval from Lemma 6.3, and since
FXee,...6) =Ae,e,...,e,, iS @ continuous function, it attains its maximum and
minimum in that interval. Since maximum A is obtained on the boundaries of the ¢; as
can readily be shown, we can see that xy 4, ;is the only polynomial that maximizes all
of the others in some neighborhood around it and has a smaller A than any of the others,

This completes the proof of Theorem 6.

When the &’s are not all the same, the question arises whether the matrix, all of
whose main diagonal elements are the same, is still the "best matrix", i.e. the one with
smallest A. The answer to this is "no" as will be shown,

Theorem 7. The marrix whose slope at (1,X (1)) is @ minimum is the matrix where
T],"—‘-‘g»&' i=12,...,n,

where

a  |Un
8 = [1- Z.k,-](l—-k.-) and 5=[gs,-] :

JFi

Proof. It can be readily be shown that




=M =

n-l
] = —1-+—- "
ta fla- k){):, }

Then
asn—l n? ’i—t
n; -0
on; ﬁ(l ~k}) TI:T " gt Y
J; 5 n:nn __§:_z__ ne = dn
'TTT n /2 "MiMa ~ W MM NiMa
or %‘- = ﬁ fori=1,2,...,n-1. This equation obviously holds for i =n as well. There-
t n
by vt e it B O % _38
fore q [———] which implies T Thus, ﬁf = ormi = %8
This completes the proof.

Denoting the matrix whose main diagonal elements are equal by A,, the one whose
characteristic polynomial has a minimum slope at (1,X(1)) by A,, and the matrix with
smallest A by A*, it can readily be shown that in two dimensions

A =Ap =A%,
However, in three dimensions, this is not the case.
Let
Xe =(x=1P+51(x =12 +52(x = 1) +53
and
Xm = =1P+51(x =12+ 5 5(x = 1)+53.

Since s3=y"3, '3 < 5, by definition of X,» and 5 < ¢, the geometric means being less than
the arithmetic means, we have

Xe =Xm = (x = D[(51=5 Dx =D +(52-52]<0 0O<x<1.

Thus X, <X, for 0<x <1 and so when Xn(Am) =0, X.(Ae) <0 implying that A, <Ae.
We see that in three dimensions, A,, is better than A. However, it is an open question
whether it is the "best". For dimensions greater than three, we do not even know that
much.
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Fortunately, since 0 < ki <1n, all the k;’s are close to each

other, especially for
large n. But when all °s are equal, A

¢ =Ap =A* by Theorem 6. This means that we can
use A, or A, as good approximations to the elusive A*,




AL
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